Locally finite groups containing a 2 -element with Chernikov centralizer by Khukhro, Evgeny et al.
LOCALLY FINITE GROUPS CONTAINING A 2-ELEMENT
WITH CHERNIKOV CENTRALIZER
E. I. KHUKHRO, N. YU. MAKARENKO, AND P. SHUMYATSKY
Abstract. Suppose that a locally finite group G has a 2-element g with Chernikov
centralizer. It is proved that if the involution in 〈g〉 has nilpotent centralizer, then G has
a soluble subgroup of finite index.
to the memory of Brian Hartley (1939–1994)
1. Introduction
Studying groups with restrictions on centralizers is one of the main avenues of group
theory. One of the well-known problems in this area is studying locally finite groups G
containing an element g with Chernikov centralizer CG(g). A Chernikov group is a fi-
nite extension of a direct product of finitely many quasicyclic p-groups Cp∞ for various
primes p. (Recall that Chernikov groups are precisely the locally finite groups with min-
imal condition on subgroups, as proved independently by Kegel and Wehrfritz [8] and
Shunkov [23].) Hartley [3] proved that if g is of prime-power order, then G has a locally
soluble subgroup of finite index. Earlier the case where g has order 2 was handled by
Asar [1], and the case of g of arbitrary prime order by Turau [26]. Both Hartley’s and
Turau’s works depend on the classification of finite simple groups.
Hartley posed two problems in [3]. One problem is whether the above results can
be extended to arbitrary order of g — and so far there have been no advances in this
direction. Another problem is whether one can replace “locally soluble” by “soluble” in
such results. This problem was solved in the positive for an element of prime order and
order 4 in [20] and [21], respectively.
In view of the difficulty of the above problems, it makes sense to study them under
certain additional conditions. In the present paper we extend the result of [21] for elements
of order 2n. Our main result is the following theorem.
Theorem 1.1. Suppose that a locally finite group G contains an element g of order 2n
with Chernikov centralizer and the centralizer of the involution g2
n−1
is nilpotent. Then
G has a soluble subgroup of finite index.
A special case of a Chernikov group is a finite group, and the results on Chernikov
centralizers often use the corresponding results on finite centralizers. The proof of The-
orem 1.1 also uses our recent result of that kind, which we state for further references.
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We use abbreviation, say, “(a, b, . . . )-bounded” for “bounded above in terms of a, b, . . .
only”.
Theorem 1.2 ([13, Corollary 1.3]). Suppose that a locally finite group G contains an
element g of order 2n with finite centralizer of order m = |CG(ϕ)| such that the centralizer
of the involution g2
n−1
is nilpotent of class c. Then G has a soluble characteristic subgroup
of finite (m,n, c)-bounded index that has (n, c)-bounded derived length.
The proof in [13] is mainly about nilpotent groups; reduction to soluble groups was
provided earlier by Hartley’s ‘generalized Brauer–Fowler theorem’ in [4] based on the
classification, and reduction to nilpotent groups by the Hartley–Turau theorem [6]. The
useful property that the subgroup can be chosen to be characteristic follows from [12].
Theorem 1.2 in turn is a strengthening of Theorem 1.10 in [22], which under the same
hypotheses was giving a soluble subgroup of bounded index whose derived length was
bounded in terms of m,n, c. It is elimination of the dependence of the derived length
on m in Theorem 1.2 that made possible its application in the proof of Theorem 1.1.
Similarly, the aforementioned theorems in [20, 21] on locally finite groups containing
an element of prime order p or of order 4 with Chernikov centralizer used the results
with ‘strong’ bounds on finite groups containing an element of order p or 4 with finite
centralizer. Namely, in the case of finite centralizer such a group contains a subgroup
of bounded index that is nilpotent (or soluble) of nilpotency class (or derived length)
bounded in terms of the order of the element only. This was proved for nilpotent groups
in [10, 11, 18, 19] generalizing works on fixed-point-free automorphisms [7, 14, 15, 16],
and the reduction to nilpotent groups followed from [2, 5, 6, 24].
2. Preliminaries
Given a group G and subsets X, Y ⊆ G, we denote by [X, Y ] the subgroup generated
by all commutators [x, y], where x ∈ X and y ∈ Y . It is well-known that if X, Y 6 G are
subgroups, then [X, Y ] is a normal subgroup of 〈X, Y 〉. Furthermore, if X is a subgroup
and a is an element normalizing X, then [X, a] = [X, 〈a〉] is also a normal subgroup of
〈X, a〉. We denote [[X, Y ], Y ] by [X, Y, Y ].
When a group A acts on a group G by automorphisms (not necessarily faithfully), we
regard G and A as subgroups of the semidirect product GA. In accordance with the
above notation, [G,A] is the subgroup of G generated by all elements of the form g−1ga,
where g ∈ G and a ∈ A. Then [G,A] is always an A-invariant normal subgroup of G.
The following lemma will be very helpful. The proof can be easily deduced from the
(well-known) corresponding facts about coprime actions of finite groups.
Lemma 2.1. Let A be a finite pi-group of automorphisms of a locally finite group G. If
N is an A-invariant normal pi′-subgroup of G, then CG/N(A) = CG(A)N/N .
For a group G let F (G) denote the Hirsch–Plotkin radical of G, which is the largest
locally nilpotent normal subgroup of G. We define F0(G) = 1 and let Fi+1(G) be the full
inverse image of F (G/Fi(G)) for i = 0, 1, . . . . The group G is said to be of finite Hirsch–
Plotkin height m if G = Fm(G) for some integer m and m is the least such integer. In
this case we write h(G) = m. Of course, if G is a finite group, then the Hirsch–Plotkin
radical F (G) is just the Fitting subgroup of G. There are many results bounding the
Fitting height of a finite soluble group. In particular, we will use a special case of the
classical result of Thompson [25] that if G is a finite soluble group admitting a soluble
2
group of automorphisms A of coprime order, then h(G) is bounded in terms of h(CG(A))
and the number of prime factors in |A| only. (Numerous subsequent papers improved
the bounds, first linear ones were obtained by Kurzweil [17], and best-possible by Turull
[27]). The standard inverse limit argument as in [9, p. 54] extends this result to periodic
locally soluble groups G having no |A|-torsion. In fact, we only need a special case of this
theorem when A is cyclic, stated as the following proposition.
Proposition 2.2. If a locally finite 2′-group G admits an automorphism ϕ of order 2n
such that CG(ϕ) is Chernikov, then G has finite Hirsch–Plotkin height.
A locally finite group G is said to satisfy min-p if every non-empty family of p-subgroups
of G partially ordered by inclusion possesses a minimal member. We will use the following
helpful proposition [9, Corollary 3.2].
Proposition 2.3. If a locally finite group G contains elements of order p, then G satisfies
min-p if and only if there is a p-element g ∈ G such that CG(g) satisfies min-p.
Given a locally finite group G, we denote by Op′(G) the largest normal p
′-subgroup of G.
Theorem 3.17 in [9] tells us that if G is a periodic locally soluble group satisfying min-p,
then G/Op′(G) is Chernikov. Together with Proposition 2.3, this implies the following.
Proposition 2.4. If G is a periodic locally soluble group admitting an automorphism of
finite 2-power order with Chernikov centralizer, then G/O2′(G) is a Chernikov group.
Let C be a Chernikov group. A subgroup D of finite index in C that is a direct product
of finitely many groups of type Cp∞ (possibly for various primes p) is of course unique
in C. Let |C : D| = i and let D be a direct product of precisely j groups of type Cp∞ .
Definition. We call the ordered pair (j, i) the size of C.
The set of all pairs (j, i) is endowed with the lexicographic order. It is easy to check
that if H is a proper subgroup of C, then the size of H is necessarily strictly smaller than
the size of C. Also, if N is an infinite normal subgroup of C, then the size of C/N is
strictly smaller than that of C. (Note, however, that if N is finite, then the size of C/N
may be equal to that of C.) We shall use these properties of size of Chernikov subgroups
without special references.
3. Proof of the main theorem
We are now ready to prove our main result, which we restate here in terms of automor-
phisms.
Theorem 3.1. Let G be a locally finite group admitting an automorphism ϕ of order 2n
such that CG(ϕ) is Chernikov and CG(ϕ
2n−1) is nilpotent. Then G has a soluble subgroup
of finite index.
Proof. The group G has a locally soluble subgroup of finite index by Hartley’s theorem
[3, Theorem 4], so without loss of generality we can assume that G is locally soluble.
Then G/O2′(G) is a Chernikov group by Proposition 2.4, so we can assume that G is a
2′-group. Then the group G has finite Hirsch–Plotkin height by Proposition 2.2. Since
CG(ϕ) covers the centralizers of the induced automorphism ϕ in every invariant section by
Lemma 2.1, it follows that if the theorem is false, then a counter-example to the theorem
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can be found among locally nilpotent sections of G. Therefore without loss of generality
we can additionally assume that G is locally nilpotent.
Thus, arguing by contradiction we choose a locally nilpotent group G that is a counter-
example to the theorem such that the size of C = CG(ϕ) is as small as possible. In view of
Theorem 1.2 it is clear that C is infinite. Let G(i) denote the ith term of the derived series
of G. Each one of the groups G(i) provides a counter-example to the theorem. Indeed,
if G(i) has a soluble subgroup of finite index, then G(i) itself is soluble since G is locally
nilpotent. This gives solubility of G, a contradiction. Since the size of C is as small as
possible, it follows that C 6 G(i) for each i, that is, C is contained in the intersection
of the G(i). According to Theorem 1.10 in [22] (or Theorem 1.2), there exists k such
that whenever ϕ acts fixed-point-freely on the quotient G/N by a normal ϕ-invariant
subgroup N , the derived length of G/N is at most k. On the other hand, Lemma 2.1
shows that ϕ acts fixed-point-freely on each quotient G/G(i). It follows that G(k) = G(k+1).
Thus, considering G(k) in place of G we can make the additional assumption that
(1) G = G′.
Next, we can assume that the following holds.
(2) If N is a proper normal ϕ-invariant subgroup of G, then the centralizer CN(ϕ) is
finite.
Indeed, suppose that CN(ϕ) is infinite. Since the size of C is as small as possible, we
deduce that G/N is soluble, a contradiction with (1).
Let A be a quasicyclic p-subgroup of C for some prime p. We claim that
(3) [G,A] = G.
Indeed, [G,A]A is a normal ϕ-invariant subgroup of G having an infinite intersection
with C. Now (2) implies that [G,A]A = G. Putting this together with G = G′ we
conclude that [G,A] = G.
We will use the fact that if x, y ∈ A, then necessarily either 〈x〉 6 〈y〉 or 〈y〉 6 〈x〉. It
follows that
(4) for any finite subset S of A we can choose a ∈ S such that [N,S] = [N, a] for any
normal subgroup N .
Let T be a finite subset of G. Since G = [G,A], every element of T can be written as
a product of finitely many commutators [gi, ai] with gi ∈ G, ai ∈ A. In turn, each of the
elements gi can be written as a similar product of [hj, bj] with hj ∈ G and bj ∈ A. Let
S be the set of all ai that appear in the commutators [gi, ai] united with the set of all bj
that appear in [hj, bj]. It is obvious that T ⊆ [G,S, S]. Thus, we derive from (4) that
(5) for any finite subset T of G there exists a ∈ A such that T ⊆ [G, a, a].
Since the group G is locally nilpotent,
(6) [G, g] is a proper subgroup for every g ∈ G.
This property may be well known, but we could not find a reference, so we give a short
proof here. Namely, we claim that g 6∈ [G, g] if g 6= 1. Indeed, otherwise g is equal to
a product of several commutators [g, hi] for finitely many elements hi ∈ G, i = 1, . . . , k.
Substituting the same expression for g into these commutators we obtain that g is a
product of commutators of weight at least 3 each involving the element g. Repeatedly
substituting in similar fashion expressions for g we eventually obtain an expression for g
4
as a product of commutators in the same elements g, h1, . . . , hk of weight exceeding the
nilpotency class of the finitely generated subgroup 〈g, h1, . . . , hk〉, so that g = 1.
We now consider the subgroup [G, a] for a ∈ A. By (6) this is a proper normal subgroup
of G, which is obviously also ϕ-invariant. So we conclude from (2) that [G, a] has finite
intersection with CG(ϕ) for any a ∈ A. Therefore by Theorem 1.2 we obtain that [G, a]
contains a characteristic subgroup Ka of finite index that is soluble with derived length
at most d, where d is independent of a. Note that both [G, a] and Ka are A-invariant.
Since [G, a]/Ka is finite and since A has no subgroups of finite index, it follows that A
centralizes the section [G, a]/Ka. Thus,
(7) [[G, a], A] 6 Ka for every a ∈ A.
Combining this with (5), we deduce that for an arbitrary finite subset T of G there
exists a ∈ A such that T ⊆ Ka. Therefore any finite subset of G generates a soluble
subgroup with derived length at most d. It follows that G is soluble of derived length at
most d. This contradicts (1). The proof is complete. 
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